Homework Set 2
Due August 21

1. The problem of finding the eigenkets and eigenbras of an arbitrary operator is more complicated and full of exceptions than in the case of Hermitian operators. There are, however,
other classes of operators that share many of the nice properties of Hermitian operators.
These include anti-Hermitian and unitary operators.
We define an operator to be normal if it commutes with its Hermitian conjugate, [A, A† ] = 0.
Notice that Hermitian, anti-Hermitian, and unitary operators are normal. In the following
you may assume that you are working in a finite-dimensional Hilbert space.
(a) Show that if A is normal, and A|ui = a|ui for some nonzero |ui, then A† |ui = a∗ |ui.
Thus, the eigenbras of A are the Hermitian conjugates of the eigenkets, and the left
spectrum is identical to the right spectrum. Hint: it is not necessary to introduce
orthonormal bases or anything similar.
(b) Show that the eigenspaces corresponding to distinct eigenvalues of a normal operator
are orthogonal. This is a generalization of the easy and familiar proof for Hermitian
operators.
2. If the kets |αi and |βi are eigenkets of the Hermitian operator Â, under what conditions will
the superposition |ψi = |αi + |βi be an eigenstate of Â? Explain.
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3. Consider an N -dimensional ket space spanned by the N eigenkets {|ai i} (where i = 1, . . . ,
N ) of a Hermitian operator Â. Assume that the eigenvalues ai are nondegenerate.
(a) What ket(s) are produced by the action of the operator
θ̂ ≡

N 
Y



Â − ai = (Â − a1 )(Â − a2 )(Â − a3 ) . . . (Â − aN )

(1)

i=1

on ANY arbitrary ket in the ket space?
(b) Setting Â = Ŝz and acting on the ket space associated with a spin- 21 particle, demonstrate your answer to part (a).
(c) What is the commutator of θ with itself?
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